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We show that given any vertex x of a d-regular bipartite graph there is a vertex 
in the other class of the bipartition joined to x by d pairwise edge-disjoint paths. 
0 1988 Academic Press, Inc. 
It follows from a theorem of Mader [3] that in a graph G there are 
always two vertices x, y E V(G), x # y, joined by min(d,(x), d,( JJ)) edge- 
disjoint paths (see also [4] for refinements of this result). In general it is 
not possible to fix x (or y) arbitrarily. However, as a lemma for a possible 
proof of a theorem in Functional Analysis, Brkzis-Coron-Lieb [ 1,2] 
suggested that if G is regular and bipartite we may fix x arbitrarily. In the 
present note we prove this conjecture. 
Let G be a graph with vertex-set V(G). For A g V= V(G) we denote by 
o(A) the set of edges of G joining A to V\A. We recall that, by Menger’s 
theorem given x, y E V(G), x # y, there are k edge-disjoint paths joining x 
and y if and only if for all A s V with x E A and y $ A we have Iw(A)I > k. 
THEOREM. Let G be a d-regular bipartite graph (possibly with multiple 
edges). For all XE V(G) there is y  E V(G), in the other class of the bipar- 
&ion, joined to x by d pairwise edge-disjoint paths. 
Proof The proof is by induction on 1 V(G)I. 
For 1 V(G)1 = 2 the theorem is obvious (in this case, the graph G consists 
of two vertices joined by d edges, a bipartite graph having no loops). Sup- 
pose / V(G)1 3 3. 
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Let XE V(G). If Iw(A)I > d for all x EA $ V the theorem follows 
immediately from Menger’s theorem. Let A !+ V be such that XEA and 
lo(A)1 < d, and suppose furthermore that A is chosen with these properties 
such that Iw(A)I is minimal. 
Let V(G) = S u T, x E S, be the bipartition of the vertex-set of G, and let 
cl, e2, . . . . e,, respectively, fi, f2, . . . . f,, be the edges in w(A) with an endver- 
tex in A n S, respectively in A A T. Counting in two ways the edges of G 
with both endvertices in A we get d IA n SI -s = d IA A TI - t. Since 
s+t=lo(A)/<ditfollowsthats=t. 
Let G’ be the graph with vertex-set A whose edges are all edges of G with 
both endvertices in A and for i= 1, 2, . . . . s an edge ei joining the endvertex 
in A of ej to the endvertex in A of fi. Clearly G’ is again a d-regular bipar- 
tite graph. Hence by the induction hypothesis there are d edge-disjoint 
paths A.;, /zi, . . . . 1.; of G’ joining x to some y E A n T. We complete the 
proof by constructing from A’, , A.;, . . . . A&d edge-disjoint paths of G joining 
x and y. 
Let G” be the graph obtained from G by identifying with x all vertices in 
A and deleting all edges with both endvertices in A. By the minimality of 
lw(A )I = 2s, the graph G” is 2s-edge-connected. Hence, by Menger’s 
theorem, there are 2s edge-disjoint paths joining x to some (any) z E V\A. 
Let czl, ci2, . . . . CI,, B1, p2, . . . . /, be these paths labelled such that 
aino(A) =ei and Bin o(A)=f, for i= 1, 2, . . . . s. Then, for j= 1, 2, . . . . d, let 
Aj be the path of G obtained from A; by replacing each occurrence of an 
edge ei, i = 1, 2, . . . . s, in Aj by cli u pi. Clearly A,, i2, . . . . Ad have the required 
properties. u 
Finally, we point out that in general there is not necessarily an y 
adjacent to x, as shown by simple examples (compare to [3,4]). 
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